Quantum mechanical wave functions of N identical fermions are usually represented as anti-symmetric functions of ordered configurations. Leinaas and Myrheim [14] proposed how a fermionic wave function can be represented as a function of unordered configurations, which is desirable as the ordering is artificial and unphysical. In this approach, the wave function is a cross-section of a particular Hermitian vector bundle over the configuration space, which we call the fermionic line bundle. Here, we provide a justification for Leinaas and Myrheim's proposal, that is, a justification for regarding cross-sections of the fermionic line bundle as equivalent to anti-symmetric functions of ordered configurations. In fact, we propose a general notion of equivalence of two quantum theories on the same configuration space; it is based on specifying a quantum theory as a triple (H , H, Q) ("quantum triple") consisting of a Hilbert space H , a Hamiltonian H, and a family of position operators (technically, a projection-valued measure on configuration space acting on H ).
Introduction
For N identical particles moving in R d , the appropriate configuration space is that of unordered configurations,
the set of all N-element subsets of R d . In quantum mechanics, one mostly uses the set of ordered configurations,
the set of all N-tuples of elements of R d . For identical particles that space is inappropriate since identical particles are not ordered in nature; they are not labeled by numbers from 1 to N. However, it may seem that ordered configurations cannot be avoided for fermions, since for them the wave function is required by the symmetrization postulate to be anti-symmetric, ψ(x σ(1) , . . . , x σ(N ) ) = (−1) σ ψ(x 1 , . . . , x N ) ,
where σ ∈ S N is a permutation of {1, . . . , N}, S N is the permutation group, x k ∈ R d for k = 1 . . . N, and (−1) σ denotes the sign of σ. Leinaas and Myrheim [14] proposed in 1977 a way how, for d ≥ 2, ordered configurations can indeed be avoided, and ψ can be regarded as a function on N R d as in (1) , by making it a cross-section of a suitable Hermitian vector bundle, the fermionic line bundle F (N, d). Such cross-sections are per se not in any way "anti-symmetric," though they are in a one-to-one correspondence with the anti-symmetric functions on (R d ) N ; this correspondence is canonical up to an overall phase factor.
In this paper, we develop the approach of Leinaas and Myrheim further by making precise the sense in which cross-sections of the fermionic line bundle define the same quantum theory as anti-symmetric wave functions on (R d ) N . In fact, we introduce a precise and generally applicable notion of what it means for two quantum theories to be equivalent, and go on to prove the equivalence between anti-symmetric wave functions on (R d ) N and cross-sections of the fermionic line bundle over N R d . Elsewhere [12] , we discuss an analogous description of wave functions with spin, for bosons or fermions, in terms of Hermitian vector bundles over the space N R d of unordered configurations. Let us describe our concept for when two quantum theories are equivalent. To this end, we define a quantum triple to be a triple (H , H, Q)
consisting of a Hilbert space H , a self-adjoint operator H in H called the Hamiltonian, and a PVM Q (called the position observable) acting on H and defined on a measurable space Q called the configuration space. We say that two quantum triples are equivalent,
if and only if Q and Q ′ are defined on the same configuration space Q and there is a unitary isomorphism U : H → H ′ that maps H into H ′ and Q into Q ′ , i.e., such that 
U(D(H)) = D(H ′
for every measurable A ⊆ Q, where D(H) denotes the domain of H. As the name suggests, equivalence is an equivalence relation. In Section 5 we will argue for the thesis that
In order to completely specify the mathematical data defining a quantum theory, it is necessary and sufficient to specify an equivalence class of quantum triples.
Put differently, a quantum triple provides sufficient mathematical data to uniquely define a quantum theory, and equivalent quantum triples are just different mathematical representations of the same quantum theory. The crucial mathematical observation in this paper, Proposition 7 below, is that the quantum triple over Q = N R d defined by the fermionic line bundle is equivalent to the quantum triple defined by anti-symmetric functions on (R d ) N . Our thesis (7) then yields that the two quantum triples characterize the same quantum theory, thereby justifying Leinaas and Myrheim's idea that wave functions that are cross-sections of the fermionic line bundle F (N, d) provide just another mathematical description of the quantum mechanics of N fermions in R d . Put differently, a fermionic wave function can indeed be represented by a function on N R d , namely by a cross-section of F (N, d).
The structure of this paper is as follows. Section 2 provides an overview of the definitions and results, while the other sections provide the proofs and other details. More specifically, in Section 2 we review the definition of the fermionic line bundle F (N, d) for any number N of particles and any number d ≥ 2 of space dimensions and describe the link to anti-symmetric wave functions on (R d ) N . In Section 3 we discuss various constructions and properties of F (N, d). In Section 4 we prove that crosssections of F (N, d) are equivalent to fermionic wave functions. Section 5 is devoted to justifying our definition of equivalence of quantum theories given in (5) . Section 6 offers conclusions.
Overview
We assume d ≥ 2 throughout the paper, unless otherwise stated.
Definition of the Fermionic Line Bundle
Before we formulate the definition of the fermionic line bundle, we need to introduce some notation, terminology, and background. For a vector bundle E over the base manifold Q with fiber spaces E q , we also sometimes write ∪ q∈Q E q (where the union is understood as a disjoint union).
Definition 1.
A Hermitian vector bundle, or Hermitian bundle, over a manifold Q is a finite-rank complex vector bundle E over Q with a connection and a positive-definite, Hermitian inner product (·, ·) q on every E q , the fiber of E over q ∈ Q, which is parallel.
Such inner products are also called a fiber metric (to be distinguished from a possible Riemannian metric on the tangent bundle). That the inner product is parallel means that parallel transport (as defined by the connection) preserves inner products. Recall that the rank of a vector bundle E is the (complex) dimension of its fiber spaces E q . A vector bundle of rank 1 is called a line bundle. Note that since a Hermitian bundle consists of a vector bundle, a connection, and a family of inner products, it can be nontrivial (i.e., not a product) even if the vector bundle is trivial: namely, if the connection is nontrivial. In contrast, a trivial Hermitian bundle, which we denote Q × W for a Hermitian vector space (i.e., vector space with inner product) W , consists of the trivial vector bundle (i.e., the Cartesian product of Q and W ) with corresponding inner products and the trivial connection, whose parallel transport P β , in general a unitary isomorphism from E q to E q ′ for β a path from q to q ′ , is always the identity on W . For any Hermitian bundle E and any closed (piecewise smooth) curve α in Q beginning and ending at q, parallel transport defines a unitary endomorphism h α : E q → E q , called the holonomy of α. A Hermitian bundle is called flat iff the holonomy of every contractible closed curve is the identity; or, equivalently [13, p. 92] , iff the curvature is zero.
Definition 2. An isomorphism I of Hermitian bundles E and E ′ over the same base manifold Q is a family of unitary isomorphisms I q : E q → E ′ q for every q ∈ Q such that parallel transport along any curve in Q from q to r ∈ Q will map I q into I r .
We note that, regarding E as the set ∪ q E q , we can also regard I (i.e., the totality of the mappings I q ) as a mapping I : E → E ′ . Also, since a linear mapping E q → E ′ q can be represented by an element of E ′ q ⊗ E * q , where * denotes the dual space, we can regard I as a cross-section of E ′ ⊗ E * , the Hermitian bundle over Q whose fiber space at q is E ′ q ⊗ E * q with corresponding inner product and the connection inherited from E and E ′ . It follows that this cross-section is parallel (i.e., has covariant derivative zero). As we will explain below, for d ≥ 3 there exist, up to isomorphism, two flat Hermitian line bundles over N R d . One is the trivial Hermitian line bundle N R d × C, and the other is the fermionic line bundle F (N, d) ; the latter is characterized by the property that the holonomy associated with a loop α in N R d starting and ending at q is h α = (−1) σα , where σ α is the permutation of q defined by α and (−1) σα its sign. To explain this, we begin with some facts about flat Hermitian bundles E that will be relevant to us. The parallel transport P β along a path β from q to q ′ depends only on the homotopy class of β; i.e., if β ′ is homotopic to β then P β ′ = P β ; that is because the concatenation β −1 β ′ is null-homotopic (i.e., contractible) and by flatness has trivial holonomy. It follows that, for any fixed base point q ∈ Q, the mapping γ E,q : [α] → h α (where α is a closed curve based at q and [α] its homotopy class) is a unitary representation of the fundamental group (first homotopy group) π 1 (Q, q) with representation space E q ; it is called the holonomy representation. Clearly, any Hermitian bundle E ′ isomorphic to E yields an equivalent 1 holonomy representation
for all α. The converse is also true: Proposition 1. For every connected differentiable manifold Q, every q ∈ Q, every n ∈ N, and every n-dimensional unitary representation of the group π 1 (Q, q), there exists a flat Hermitian bundle E of rank n over Q whose holonomy representation γ E,q is the given one. Any two such bundles are isomorphic; also, if two unitary representations of π 1 (Q, q) are equivalent, then their associated flat Hermitian bundles are isomorphic.
This fact seems to be well known, but since we could not find an explicit formulation and proof in the literature, we include a proof in Appendix A.
Let us return to the set N R d . It can be obtained from (R d ) N (the space of ordered configurations) by first removing the collision configurations (with one or more particles at the same location) and then identifying configurations that are permutations of each other,
Here, ∼ = means a canonical correspondence. By means of this correspondence, since the permutation group S N acts properly discontinuously on R is connected, so is
Next note that a closed curve α in N R d starting and ending at the configuration q defines a permutation σ α of q: Since every point in N R d corresponds to N points in R d , the curve α defines N curves in R d , each of which starts at a point x belonging to q and ends at a, possibly different, point σ α (x) belonging to q. Since at each point belonging to q one curve starts and one curve ends, the mapping σ α : q → q is bijective.
If d ≥ 3 then two closed curves in N R d based at q are homotopic if and only if they define the same permutation. Thus, the fundamental group π 1 ( N R d , q) is isomorphic to the permutation group S N . The 1-dimensional unitary representations γ (also called characters) of S N are well known: There exist two up to equivalence, the trivial character γ(σ) = 1 and the alternating character γ(σ) = (−1)
σ (the sign of σ). By Proposition 1, there exist two flat line bundles over N R d up to isomorphism, N R d × C and the one corresponding to the alternating character. The latter is the definition of the fermionic line bundle F (N, d) . The former (the trivial Hermitian line bundle) can be called the bosonic line bundle, as cross-sections of it can be regarded as bosonic wave functions; see [12] for further discussion.
For d = 2, the fundamental group of N R d is not isomorphic to S N but to the N-th braid group; this group possesses further characters besides the trivial and (the analog of) the alternating one (see Remark 4 in Section 3.2 for further discussion). Anyway, we define the fermionic line bundle F (N, 2) to be the Hermitian line bundle corresponding to the alternating character. That is: In Section 3 we describe several ways of constructing, or realizing, F (N, d). The following remarks about F (N, d) will be proved in Section 3.2. The fermionic line bundle for d ≥ 3 possesses not only a nontrivial connection, it is also nontrivial as a vector bundle (disregarding connection and Hermitian inner products). As a consequence, every smooth cross-section has nodes, i.e., it vanishes somewhere. (That is because any nowhere-vanishing smooth cross-section of a line bundle would define a global trivialization of the bundle.) A further consequence is that N R d is not orientable for odd d.
Correspondence to Anti-Symmetric Wave Functions
We now explain how cross-sections of F (N, d) correspond to anti-symmetric functions on (R d ) N ; proofs and further details will be given in Section 4. Let us fix N and d and simply write F for
be the projection mapping from ordered to unordered configurations,
Note that π is a covering map, with the covering fiber π −1 (q) over an unordered configuration q given by the set of all possible orderings of q. As a consequence, for any Hermitian bundle E over N R d there is a corresponding Hermitian bundle E = π * (E) over R d,N = , the pull-back of E through π, or lift of E. For any cross-section ψ of F , its pull-back π * ψ is a cross-section of F , and by applyinĝ I (and a normalizing factor N! −1/2 ) we obtain a complex-valued function Uψ on R d,N = : namely, forq ∈ R d,N = , letÎq : Fq → {q} × C be the restriction ofÎ to the fiber space over q, for which we simply writeÎq : Fq → C as it is a linear mapping. In this notation, It is useful to formulate the correspondence between cross-sections of F and antisymmetric functions in terms of Hilbert spaces. We will simply write R N d in the following for (R d ) N . Let "Anti" denote the anti-symmetrization operator, defined for any function
We write Anti
) denote the space of square-integrable (non-smooth) crosssections of F . In more detail, we define L 2 (Q, E) for any Hermitian bundle E over any Riemannian manifold Q as follows (in particular, for the fermionic line bundle, E = F and Q = N R d ). We denote the Riemannian volume measure of Q simply by dq. For any q ∈ Q, let (·, ·) q denote the inner product in the fiber space E q . Consider a cross-section ψ of E that is not necessarily smooth but measurable, and call it square-integrable if
is the space of all square-integrable cross-sections of E modulo equality almost everywhere (relative to dq). It is a Hilbert space with the following inner product:
Proposition 4. For any N ∈ N, d ≥ 2, and any global trivializationÎ :
The Hilbert space Anti L 2 (R N d ), of anti-symmetric square-integrable functions R N d → C, is exactly the space usually utilized for representing fermionic quantum states. So we have a correspondence between that space and L 2 (F ), and indeed the correspondence is canonical up to a global phase factor arising from the freedom in choosing the global trivializationÎ.
Via this correspondence U, we claim that the quantum theory for which wave functions are cross-sections of F is equivalent to that for which wave functions are antisymmetric functions on R N d . It is not obvious how to make this claim mathematically precise; we do this in the following way: First, we show that U maps the Schrödinger Hamiltonian on
defined on C ∞ 0 (F ), the space of smooth cross-sections of F with compact support; ∆ is the appropriate Laplace operator (based on the connection of F and on the LaplaceBeltrami operator on the Riemannian manifold N R d , see Section 4 for more detail); the potential V : R N d → R is assumed to be measurable, bounded, 2 and symmetric under permutations,
Likewise, letH Anti denote the expression (14), understood as an operator defined on Anti
, and the same function V . It is well known (for more detail, see the proof of Proposition 5 in Section 4) that there is a unique self-adjoint extension
Proposition 5. There is a self-adjoint extension H F ofH F that satisfies
where D(H) means the domain of the operator H, and
As a consequence, U intertwines the time evolution,
We note that H F is, in fact, the only self-adjoint extension ofH F in L 2 (F ) for d ≥ 4 (and, we believe, also for d = 2, 3); for more detail, see the remarks in Section 4 after the proof of Proposition 5.
Proposition 6. U maps the position observable Q F to the position observable Q Anti ,
Here, we take the position observables (or rather, configuration observables) Q F and Q Anti to be represented by projection-valued measures (PVMs); Q F is the obvious choice
for any measurable set A ⊆ N R d , with 1 A the indicator function; Q Anti is the unordered configuration observable that does not convey information about any particle's label (after all, labels cannot be measured), i.e., it is the PVM on
Together, Propositions 5 and 6 yield Proposition 7.
As a corollary of (7) and (22), we obtain the main claim of this paper: the quantum theory defined in terms of the fermionic line bundle
Examples of Equivalent Quantum Triples
To further illustrate the concept of equivalence of quantum triples, we give some more examples.
Example. A bosonic wave function (of N spinless identical particles) can be represented either as a symmetric function on R N d (which is the standard choice) or as a function on N R d . We base this claim on the equivalence
Here, H B is a suitable self-adjoint extension of
is defined in the same way as Q F in (20) ; "Sym" is the symmetrization operator
and Q Sym is defined in the same way as Q Anti in (21). The unitary isomorphism U :
= , the set of collision configurations, as that is a null set.) Proofs very similar to those of Propositions 5 and 6 (only simpler) show that U maps H B to H Sym and Q B to Q Sym .
Example. Suppose that Q is any Riemannian manifold and that E and E ′ are two isomorphic Hermitian bundles over Q; then the quantum triples they give rise to are equivalent,
In detail, for any Hermitian bundle E over Q there is a natural PVM Q E on Q acting on L 2 (Q, E), defined in the same way as Q F before, namely by
for every measurable subset A ⊆ Q. Let V : Q → R be a measurable function and ∆ the Laplace-Beltrami operator defined by the connection of E, and suppose that − (26) is realized by the unitary isomorphism U :
Example.
For a system of particles in a magnetic field, a gauge transformation of the electromagnetic vector potential leads to an equivalent quantum triple; this fact fits well with our thesis that equivalent quantum triples represent different mathematical descriptions of the same physical situation. For the sake of simplicity, consider a system consisting of a single spinless particle; the relevant equivalence reads
Here, the vector potential A is a vector field on R 3 (say, bounded and C 1 with bounded first derivatives); the function f : R 3 → R (say, bounded and C 2 with bounded derivatives) defines the change of gauge that replaces A by A + ∇f ; the Hamiltonian H A is the unique self-adjoint extension of
2 ; and Q is the natural PVM as defined in (27). The unitary operator
Indeed, a simple calculation shows that U f maps −i ∇ − A to −i ∇ − (A + ∇f ) and thus H A to H A+∇f ; since U f is a multiplication operator, it commutes with Q and thus maps Q to itself; this establishes (29).
Fermionic Fock Space
The bosonic Fock space F + and the fermionic Fock space F − for spinless particles in R d are defined as
The natural configuration space of a variable number of identical particles in
Since each sector N R d is equipped with a measure µ N , the Riemannian volume measure, also Γ is naturally equipped with a measure,
for all measurable sets A ⊆ Γ. The obvious Hilbert space associated with Γ is L 2 (Γ, µ), which coincides with the bosonic Fock space,
That is, there is a canonical unitary isomorphism U :
For given ψ : Γ → C one obtains the N-particle sector of Uψ by
except on the null set of collision configurations. Since on each sector
is a Hermitian line bundle over Γ, the fermionic line bundle over Γ. The squareintegrable cross-sections of this bundle relative to the measure (34) form a Hilbert space L 2 (Γ, F (Γ), µ), which coincides with the fermionic Fock space,
That is, there is an "almost canonical" unitary isomorphism U :
where
provided by Proposition 3. When saying that U is "almost canonical" we mean that the only freedom in the choice of U is the choice of one phase factor e iθ N for each N = 0, 1, 2, 3, . . .. An advantage of the possibility to write F − as an L 2 space is that the probability distribution on Γ that a Fock state ψ ∈ F − with ψ = 1 defines has density immediately given by |ψ| 2 . As a last remark, it seems even more persuasive in connection with Fock spaces than with a fixed number N of particles that unordered configurations are more natural than ordered ones. For example, if, in the ordered 3-particle configuration (x 1 , x 2 , x 3 ), particle 2 gets annihilated, then particle 3 has to be renumbered as particle 2, and it seems clear that this change in numbering does not correspond to any change in the physical state in nature. Likewise, when a new particle gets created, which number should it get?
This completes our overview of the fermionic line bundle. We now turn to a discussion of the details.
Constructions and Properties of the Fermionic Line Bundle

Constructions
The proof of Proposition 1 provides a construction of a Hermitian bundle with a desired holonomy representation, and thus in particular a construction of the fermionic line bundle. We now describe three further constructions of the fermionic line bundle.
• Our first construction of F (N, d) utilizes the set-indexed tensor product that we discuss in detail elsewhere [12] . In contrast to the usual tensor product
where the factors are ordered, the set-indexed tensor product a∈T W a uses an arbitrary finite (unordered) index set T . Correspondingly, one can form the set-indexed tensor power W ⊗T by introducing a copy W a of W for every a ∈ T and then forming their set-indexed tensor product. Now let W be an arbitrary finite-dimensional Hermitian vector space (i.e., Hilbert space) and use unordered configurations q as the index set T . Let E be the bundle ∪ q∈Q W ⊗q ; it naturally inherits the structure of a Hermitian bundle [12] . Let E ′ be the subbundle of totally anti-symmetric elements. The difference between E ′ q and the N-th exterior power of W , Λ N W ⊂ W ⊗N , is that the relevant permutations are those of q instead of those of {1, . . . , N}. E ′ q could thus be denoted Λ q W ; it is relevant here that W is always the same space, and not a bundle W x , since in contrast to tensor products one cannot form "exterior products" of several spaces, only exterior powers of the same space. The dimension of E ′ q is the binomial coefficient
Having thus defined the fiber space E ′ q at every q, we obtain a Hermitian inner product from that of E q , and a connection from that of E using the fact that E ′ is a parallel subbundle of E, i.e., parallel transport from E q to E r maps E ′ q to E ′ r . Hence, E ′ is a Hermitian bundle. Finally, assume that W has dimension N equal to the number of particles, and set F = E ′ .
To see that F is the fermionic line bundle, note first that F is a Hermitian bundle and has rank 1. Furthermore, parallel transport around a loop α permutes the factors, so that (in an obvious notation borrowed from exterior products)
where each w x is an element of W , and h α is the holonomy E q → E q .
• The second construction of F = F (N, d) works only for odd d: the fiber F q is the space of complex pseudo-scalars of the tangent space
where Λ k E denotes the k-th exterior power of the Euclidean vector space E . Hence, a cross-section of F is a complex-valued differential form 3 of maximal degree Nd over Q = N R d . The complexification, written here by a prefix C, is to be understood as turning a Euclidean vector space into a Hermitian vector space. The connection of F is inherited from the connection of the tangent bundle T Q.
To see that (42) agrees with the definition of the fermionic line bundle, we have to compute the holonomy for an arbitrary loop α starting and ending at q. Choose an ordering of the points in q, say q = {x 1 , . . . , x N }, and an orthonormal basis e 1 , . . . , e d of R d . We thus have an (ordered) orthonormal basis of
(namely e 1,1 , . . . , e 1,d , . . . , e N,1 , . . . , e N,d ), which defines a "basis", i.e., an element of norm one, of F q , namely ω :
with ∧ the exterior product. Parallel transport along α leads to
where σ ∈ S N represents the permutation of q carried out by α in terms of the ordering of q chosen above. Since h α ω differs from ω just by the ordering of the factors, it differs only by a sign. This sign is, in fact, +1 if d is even and (−1) σ if d is odd, which completes the proof.
• Our third construction begins with defining a Hermitian vector bundle E of rank N! by
3 A differential form is a tensor field that is completely anti-symmetric against permutation of indices. We utilize here that the cotangent space T * q Q is canonically identified with the tangent space T q Q by means of the metric. 
soq runs through all possible orderings of the unordered configuration q; the setindexed direct sum is to be understood as an orthogonal sum; and the connection is the obvious one: parallel transport along a curve β from q to r maps w ∈ E q to the w ′ ∈ E r having components w ′r = wq wherer is the endpoint of the lift of β to R
The anti-symmetric functions on R d,N = then all correspond to cross-sections lying within a rank-1 subbundle F of E, defined by
Having thus defined the fiber space F q at every q, we obtain a Hermitian inner product from that of E q , and a connection from that of E using the fact that F is a parallel subbundle of E.
To see that F is the fermionic line bundle, we have to compute the holonomy for an arbitrary loop α starting and ending at q. From the definition of the connection we have that, if the lift of α starting atq 0 leads toq = σq 0 , (h α w)q = wq 0 = w σ −1q = (−1) σ wq, which is what we needed to show. To see this, note that every closed 1-form on a manifold Q, when lifted to a 1-form A on the (simply connected) universal covering space Q, becomes an exact 1-form, A = df . Since every deck transformation σ of Q will carryÂ to itself, it will carrŷ f tof +γ σ , where γ σ ∈ C is some constant. Therefore, γ σ•σ ′ = γ σ +γ σ ′ and γ Id = 0; in other words, γ is a homomorphism from the group of deck transformations of Q over Q to the additive group of the complex numbers. The group of deck transformations is isomorphic to the fundamental group of N R d , which for d ≥ 3 is isomorphic to the permutation group S N of N objects, and thus is finite. However, there is no nontrivial homomorphism from a finite group to the additive group of the complex numbers because every element σ of the group has finite order, σ n = Id, so that nγ σ = γ σ n = 0 and thus γ σ = 0.
Remarks
So we have shown that
A is exact, A = df . But then α A = 0, therefore h ′ α = h α so that all holonomies h ′ α must be trivial. Therefore, no choice of connection and Hermitian inner products can make the trivial line bundle over N R d a fermionic line bundle. The same proof shows, in fact, that any flat Hermitian line bundle with nontrivial holonomy over a base manifold with finite fundamental group cannot be trivialized as a vector bundle. For example, the restriction of the fermionic line bundle F (N, d) to an open subset Q of N R d , or to a submanifold Q of N R d , such that the fundamental group of Q is finite and the holonomy non-trivial, is nontrivial as a vector bundle.
Nodes. The fact that F is non-trivial as a vector bundle implies that every
(smooth) cross-section has nodes, i.e., it vanishes somewhere. That is because any nowhere-vanishing (smooth) cross-section of a line bundle defines a trivialization of the bundle. As a consequence, every smooth anti-symmetric function on R dN has nodes outside the "diagonal" (i.e., the set
collision configurations). Another consequence is that
N R d is not orientable for odd d. That is because every orientable manifold permits a volume form, i.e., a real-valued, nowhere-vanishing smooth differential form of maximal degree, which would provide a particular case of a complex-valued nowhere-vanishing smooth form of degree Nd and thus, according to the second construction of F , a nowhere-vanishing smooth cross-section of F . Also, by considering suitable neighborhoods near the boundary, we can make a similar argument to deduce that a smooth cross-section of F has zeros arbitrarily close to any point on the boundary. 
By means of this identification, N M obtains the structure of a Riemannian manifold; it has dimension Nd. 4. Anyons. The manifold N R 2 differs notably from N R d for d ≥ 3 in a certain topological respect: its fundamental group π 1 ( N R 2 ) is isomorphic to the braid group of N strings, whereas the fundamental group of N R d for d ≥ 3 is the permutation group S N of N objects. It has been argued that the possible quantum theories on a manifold Q are in one-to-one correspondence with the characters (i.e., 1-dimensional unitary representations) γ of the fundamental group π 1 (Q) [14, 6, 7] . While S N has two characters (γ σ = 1 and γ σ = (−1) σ , corresponding to bosons and fermions), the braid group has a 1-parameter family of characters, γ (β) with parameter β ∈ R, namely γ (β) σ = e iβ whenever σ is the exchange of two particles. Bosons correspond to β = 0 and fermions to β = π. The other possibilities are called fractional statistics, and the corresponding particles anyons. They were first suggested in [14] , and their investigation began in earnest with [10, 20] ; see [15] for some more details and references. For each value of β, the corresponding anyonic wave functions can be represented by cross-sections of an anyonic line bundle A (β) over N R 2 , defined by the property that the holonomy associated with a loop α in N R 2 starting and ending at q is h α = γ = is not connected but has N! connected components, each of which is isometric to N R 1 . The latter space is simply connected, so that every flat Hermitian bundle over it is trivial; as a consequence, the definition of the fermionic line bundle, while still meaningful for d = 1, yields only a trivial Hermitian bundle as F (N, 1). Thus, for d = 1 the difference between fermions and bosons is not captured in a bundle. In fact, for d = 1 the operator H F considered in Proposition 5 and defined in (14) possesses more than one selfadjoint extension, corresponding to different boundary conditions on the boundary of N R 1 (or, equivalently, on the collision configurations in (R 1 ) N ); we expect that with Dirichlet boundary conditions the quantum triple is equivalent to fermions, with Neumann boundary conditions to bosons. For d ≥ 4 (and presumably also for d = 2, 3), in contrast, the fermionic line bundle permits only Dirichlet boundary conditions (as follows from the uniqueness of the self-adjoint extension ofH F ). and observe that its projection πα to N R d is a loop based at q = π(q) for which the corresponding permutation σ πα of q is the identity. Thus, by the definition of the fermionic line bundle F , πα has trivial holonomy. By construction of F , the holonomy of α in F is the same as the holonomy of πα in F .
The fermionic line bundle on
We also claimed that any two choices of isomorphisms of Hermitian bundlesÎ : 
is an anti-symmetric function on R
Proof. To see that Uψ is an anti-symmetric function, letq = (x 1 , . . . ,
, and let σ ∈ S N be any transposition, exchanging two elements of {1, . . . , N}, say i and j. Let α be a loop in N R d based at q such that the permutation of q defined by α is the transposition of x i and x j . By the definition of F , the holonomy h α associated with α is −1. Since π is a covering map, there is a unique continuous lift α of α in R d,N = starting atq; the curveα is not closed but ends at
Note thatÎ, the global Hermitian trivialization of F , can be regarded as a cross-section of the dual bundle F * that is parallel, ∇Î = 0, with ∇ the covariant derivative of the connection of F * dual to that of F . Thus,Î σq can be obtained fromÎq by parallel transport in F * alongα; since parallel transport and lift commute,Î σq can also be obtained fromÎq by parallel transport in F * along α, using that Fq = F q . But parallel transport along α leads toÎ
so that
which means that Uψ is anti-symmetric.
Proof. ψ → Uψ preserves inner products because
using that π is an N!-to-one covering map that maps the Lebesgue measure dq on R We thus obtain a linear operator
F ) let ψ 0 be any representative of the equivalence class that ψ is, insert ψ 0 for ψ on the right hand side of (48) and obtain thus a function on R = ; take its equivalence class modulo equality almost everywhere and obtain thus an element of L 2 (R N d ), which does not depend on the choice of ψ 0 . Indeed, changing ψ 0 on a null set A will change (48) on the null set
) that preserves inner products. It remains to show that U is surjective. Let ψ be an anti-symmetric, measurable function on R Using (50) and the anti-symmetry of ψ, we have that
consistently defines a measurable cross-section ψ of F such that Uψ = ψ. Since U preserves L 2 norms, ψ is square-integrable if ψ is. Thus, U is surjective and therefore unitary.
We also note for later use (in the proof of Proposition 5) that (48) also defines a bijective operatorŨ :
. Indeed, note first that, sinceÎ is a diffeomorphism between the bundles F and R d,N = × C,Ũ maps any smooth cross-section ψ of F to a smooth and, by Proposition 3, anti-symmetric function on R d,N = . To see thatŨ is injective, suppose that ψ ′ = ψ, so that ψ ′ (q) = ψ(q) for some q ∈ N R d ; since for anyq ∈ π −1 (q),Îq is injective,Ũψ ′ (q) =Ũ ψ(q). Now let ψ be an anti-symmetric, smooth function on R
; thenq ′ = σq, and by the same reasoning as in (53) we obtain a smooth cross-section ψ of F (smooth because ψ andÎ are) such thatŨ ψ = ψ.
We are using the following definition of the gradient ∇ and Laplacian ∆ on a Hermitian bundle E over a Riemannian manifold (Q, g):
• By the gradient ∇f of a smooth function f : Q → R we mean the tangent vector field on Q metrically equivalent (by "raising the index") to the 1-form df , the differential of f . If W is a complex vector space then, for a function ψ : Q → W , the differential dψ is a W -valued 1-form, and thus ∇ψ(q) ∈ CT q Q ⊗ W , where CT q Q denotes the complexified tangent space at q, and the tensor product ⊗ is, as always in this paper, over the complex numbers. When ψ is a cross-section of a Hermitian bundle E, the covariant derivative Dψ is an "E-valued 1-form," i.e., a cross-section of CT Q * ⊗ E (with T Q * the cotangent bundle), while we write ∇ψ for the cross-section of CT Q ⊗ E metrically equivalent to Dψ.
• The Laplace-Beltrami operator (or briefly, Laplacian) ∆f of a function f is defined to be the divergence of ∇f , where the divergence of a vector field X is defined by
(using the sum convention) with D the (standard) covariant derivative operator, corresponding to the Levi-Civita connection on the tangent bundle of Q arising from the metric g. Equivalently, the divergence can be expressed in local coordinates as
with ∂ a the partial derivative operator. Since Dg = 0, we can write
where the second D, the one which is applied first, actually does not make use of the Levi-Civita connection. In other words, the Laplacian is the metric trace of the second (covariant) derivative. Another equivalent definition is ∆f = * d * df where d is the exterior derivative of differential forms and * is the Hodge star operator (see, e.g., [8] ). 4 For "E-valued functions" ψ (i.e., cross-sections of E) the Laplacian ∆ψ is defined correspondingly as the divergence of the "E-valued vector field" ∇ψ, or equivalently by
or by ∆ψ = * d * dψ, using the obvious extension of the exterior derivative to Evalued differential forms.
To define the covariant derivative of Dψ, one uses the connection on CT Q * ⊗ E that arises in an obvious way from the Levi-Civita connection on CT Q * and the given connection on E, with the defining property
for every smooth 1-form ω and every smooth cross-section ψ of E. We take as the Laplacian ∆ψ of ψ the (Riemannian) metric trace of the second covariant derivative of ψ,
where the second D, the one which is applied first, is the covariant derivative on E, and the first D is the covariant derivative on CT Q * ⊗ E. 5 Again, an equivalent definition is ∆ψ = * d * dψ, using the obvious extension (based on the connection of E) of the exterior derivative to E-valued differential forms, i.e., cross-sections of
, where D(H) means the domain of the operator H, and H F = U −1 H Anti U. As a consequence, U intertwines the time evolution, e −iH F t/ = U −1 e −iH Anti t/ U.
Proof. We first provide some detail about whyH Anti is essentially self-adjoint, i.e., possesses a unique self-adjoint extension
We first note the well-known fact [16] 
(In fact, this is the case for a much wider class of potentials V , as can be shown using the Kato-Rellich theorem [16, Thm. X.12]. For example, for d = 3 it is sufficient that
4 The Hodge operator * depends on the orientation of Q in such a way that a change of orientation changes the sign of the result. Thus, * does not exist if Q is not orientable. However, it exists locally for any chosen local orientation, and since the Laplacian contains two Hodge operators, it is not affected by the sign ambiguity.
5 While this is the natural definition of the Laplacian of a cross-section of a Hermitian bundle, we note that for differential p-forms with p ≥ 1 there are two inequivalent natural definitions of the Laplacian:
, the other is (58) for E = CΛ p T Q * (sometimes called the Bochner Laplacian). They differ by a curvature term given by the Weitzenböck formula [8, p. 11] .
where V bdd is bounded and the pair potential V pair : R 3 → R is square-integrable [16, Thm. X.16]; thus, the Coulomb potential is included.)
Using that the potential V is permutation-symmetric, we now show that the operator H Anti is essentially self-adjoint, too, and its self-adjoint extension H Anti is the restriction of H to Anti
Indeed, sinceH commutes with every permutation, so does H; thus, bothH and H commute with Anti, which means they preserve antisymmetry. It follows that
and that Anti H Anti and (I −Anti)H(I −Anti) are self-adjoint operators. The operator Anti H Anti defines a self-adjoint operator H Anti on Anti L 2 (R N d ), which is a self-adjoint extension ofH Anti . IfH Anti had any further self-adjoint extension H ′ then
would be a further self-adjoint extension ofH, which we know does not exist.
Next we show that U −1 H Anti U is a self-adjoint extension ofH F . Since the covering fibers π −1 (q) are finite, the lift π −1 (A) of any compact set A is compact. As a consequence (using the remark after the proof of Proposition 4), U maps C is smaller than the domain ofH Anti . Since U can be regarded as the composition of first lifting a cross-section from F to F and then using the bundle isomorphismÎ to transfer it to R 
p is a submanifold (or union of finitely many submanifolds) of codimension ≥ 4 [17] . In any dimension d, the question is connected to the possibility of point interactions (i.e., range-zero interactions) such as
where δ d denotes the d-dimensional Dirac delta function and c ∈ R is a constant. Point interactions are impossible for d ≥ 4 and possible in lower dimension; for d = 2, 3 they are possible only for bosons, not for fermions, in correspondence to the fact that the Laplacian in R 3 away from the origin is not essentially self-adjoint only in the sector with angular momentum 0 [1, pages 13 and 98]. We thus believe thatH F is essentially self-adjoint for d = 2, 3. The situation changes when spin is introduced [12] . Proposition 6. U maps the position observable Q F to the position observable Q Anti ,
Proof. To begin with, Q Anti (A) is indeed an operator on Anti L 2 (R N d ), i.e., Q Anti (A) ψ is indeed anti-symmetric if ψ is, since 1 π −1 (A) is a symmetric function, as the set π −1 (A) is invariant under permutations. It is easy to see that Q Anti (A) is a projection, that
is the identity operator, and that Q Anti is σ-additive; thus, Q Anti is a PVM. So is Q F . From (48) we see that
which proves the desired equation.
Quantum Triples
In this section we argue for the statement (7), which we repeat here for convenience:
To further elucidate the content of this statement, we should say that while an equivalence class of quantum triples provides all mathematical data, it does not provide any data about the ontology. Simply put, a quantum triple does not select any particular interpretation of quantum theory, such as many-worlds [19] , Bohmian mechanics [11] , or a collapse theory (à la Ghirardi-Rimini-Weber-Pearle [9] ). The latter surely are different theories, and since they are theories of quantum mechanics it seems fair to call them different quantum theories. But they are not different examples of what is meant by "quantum theory" in (7). They are alternative candidate theories for the same type of quantum system, they lead to (essentially) the same quantum formalism and the same predictions, and they propose different ontologies. In contrast, the different quantum theories in the sense of (7) apply to different types of systems, represent different versions of the quantum formalism, lead to different predictions, and say nothing about ontology. Examples of different quantum theories in this sense are provided by: bosons as different from fermions; spin-
particles as different from spinless particles; and different Hamiltonians, for example involving different interaction potentials.
Note that as a consequence of the thesis (7), the fact that the fermionic line bundle is defined only up to isomorphy of Hermitian bundles is unproblematical, as isomorphic bundles give rise to the same quantum theory by (26). In a different context, namely for providing a mathematical definition of the concepts of resonance and resonant states, ideas similar to the thesis (7) have been developed by Costin and Huang [5] .
One thought behind (7) is that H and H together, without the configuration observable Q, would not suffice for defining a quantum theory. After all, different choices of the position (or configuration) observable would lead to different quantum theories, making different predictions. If any example is necessary, consider the hydrogen Hamiltonian
with p the usual 3 momentum and q the 3 position operators; it is unitarily equivalent to
, which however has very different physical consequences; indeed, if we replaced q by F −1 qF with F the Fourier transformation then in the new position representation H would appear like H ′ . Another thought behind (7) is that further observables need not be specified once the quantum triple is specified; that is, it is not an independent information what the momentum operators are, the angular momentum operators etc. After all, at the end of any experiment we read off results from positions of things, such as positions of pointers or positions of ink droplets on paper. To appreciate this point, the reader should think of the quantum system as including any observers and apparatus. The probability distribution of configurations, of course, is fixed by a quantum triple together with an initial state vector ψ 0 ∈ H ,
and indeed is the same for any equivalent quantum triple when ψ 0 is transformed accordingly. In particular, all empirical predictions can be derived once an equivalence class of quantum triples is specified. (And conversely, inequivalent quantum triples make inequivalent predictions, in principle.)
Finally, we can actually prove (7) in our favorite formulation of quantum mechanics: Bohmian mechanics [4, 2, 11] , a quantum theory without observers that solves the paradoxes and ambiguities of ordinary quantum mechanics by means of postulating an objective reality that exists independently of observers. In fact, this objective reality consists of particle trajectories, mathematically corresponding to a trajectory in the appropriate configuration space Q, guided by the wave function ψ t according to a law of motion of the form
where q t ∈ Q is the actual configuration at time t and v = v[H , H, Q, ψ t ] is a vector field on Q, the velocity vector field. It can be expressed explicitly in terms of the data H , H, Q, ψ t ; namely, writing the vector field as a first-order differential operator acting on a test function f ∈ C ∞ 0 (Q):
(To be sure, not every quantum triple and state vector ψ t define a velocity vector field v, but when so then they define v uniquely.) The probability distribution of q t is given by the Born rule:
Equations (64) and (65) are complemented by the usual Schrödinger time evolution of ψ t , , then the Schrödinger evolution (68) is still valid, and the probability distribution (67) and the right hand side of (65), as an operator on f ∈ C ∞ 0 (Q), do not change. Thus, whenever the vector field v on Q is well defined by (65) for all t ∈ R and whenever almost all solutions of the equation of motion (64) exist for all t ∈ R (see [3, 18] for conditions under which that is the case), any equivalent quantum triple leads to the same possible trajectories and the same probability distribution over the possible trajectories. We express this by saying that the Bohmian theories defined by (H ′ , H ′ , Q ′ ) and (H , H, Q) are physically equivalent.
Proof of Proposition 8. Using (6), observe that
Furthermore, for any measurable A ⊆ Q,
Furthermore,f
and thus
We close this section with a remark about the appropriate choice of Q in Bohmian mechanics. For N identical particles in R d , Q = N R d is the natural configuration space, also (and particularly) in Bohmian mechanics. For the sake of simplicity, one often uses R N d as the configuration space in Bohmian mechanics; this does not cause a problem for the following reason: As a consequence of the permutation symmetry or anti-symmetry of the wave function, the velocity vector field v = (v 1 , . . . , v N 
As a consequence of that, ifq 0 ,r 0 ∈ R N d are two different orderings of the same unordered configuration q 0 ∈ N R d , i.e., ifq 0 = σr 0 for some permutation σ ∈ S N , then the two solutions of the equation of motion (64) starting atq 0 andr 0 satisfŷ
for all times t ∈ R with the same permutation σ. Thus, the arbitrary ordering of the initial configuration had no effect on the later configuration except on its ordering; put differently, the two trajectories t →q t and t →r t in R N d project to the same trajectory as the configuration space has not affected the N trajectories in R d . Likewise, by the permutation (anti-)symmetry of the wave function, the probability distribution it defines on R N d is permutation invariant and thus projects unambiguously to N R d .
Conclusions
In this paper, we have provided a deeper justification and further development of the concept, introduced by Leinaas and Myrheim [14] , of the fermionic line bundle. We have developed a general notion of equivalence of two quantum theories on a given configuration space; the use of this notion may go way beyond the discussion of identical particles and the symmetrization postulate. We propose that a quantum theory is specified by means of a "quantum triple," i.e., a triple (H , H, Q) consisting of a Hilbert space H , a Hamiltonian H, and a position PVM Q on the configuration space acting on H . According to our thesis, equivalent quantum triples describe the same quantum theory. We have provided a physical justification of this thesis as well as philosophical perspective.
We have proved that the quantum triple corresponding to cross-sections of the fermionic line bundle is equivalent to the one corresponding to the conventional description of fermionic wave functions, i.e., anti-symmetric functions on the space of ordered configurations.
We believe that the space of ordered configurations is unphysical while the space of unordered configurations is natural. It may have seemed, however, that the unordered configurations cannot be used for fermions due to mathematical obstacles. Leinaas and Myrheim have shown how these obstacles can be overcome. Even more, it seems to us that for representing fermionic quantum states, cross-sections of the fermionic line bundle are more natural than anti-symmetric functions of ordered configurations.
A Bundles With Given Holonomy Representation
We give here a proof of Proposition 1 and begin by repeating the statement. Proposition 1. For every connected differentiable manifold Q, every q ∈ Q, every n ∈ N, and every n-dimensional unitary representation of the group π 1 (Q, q), there exists a flat Hermitian bundle E of rank n over Q whose holonomy representation γ E,q is the given one. Any two such bundles are isomorphic; also, if two unitary representations of π 1 (Q, q) are equivalent, then their associated flat Hermitian bundles are isomorphic.
Proof.
We first prove the second half of the second sentence; the first half of the second sentence then follows. More precisely, given two flat Hermitian bundles E, E ′ over Q whose holonomy representations γ E,q , γ E ′ ,q are equivalent, we show that they are isomorphic. Choose a unitary isomorphism I q : E q → E ′ q that provides an equivalence between γ E,q and γ E ′ ,q , i.e., 
For every other point r ∈ Q, choose a curve β from q to r (Q is connected!) and define I r : E r → E ′ r by parallel transporting I q along β. In fact, I r is independent of the choice of β, since parallel transport of I q along any closed curve α starting and ending at q brings it back unaltered, as follows from h q , which follows from (71). Since I is parallel, it is an isomorphism of Hermitian bundles.
We now turn to the first sentence. Let W be an n-dimensional Hermitian vector space (i.e., Hilbert space) and γ a unitary representation of π 1 (Q, q) on W . The fiber E q of the bundle we will construct can be taken to be W , but it is clear that the substance of the proof is merely about constructing a bundle of the right isomorphy type, so this is what we will do.
We begin with a general consideration. If M is a differentiable manifold and G is a group acting properly discontinuously on M, then M/G is a manifold and the projection π : M → M/G is a local diffeomorphism and, in fact, a covering map. Now consider a vector bundle B over M and an action of G on B such that each g ∈ G maps, for any x ∈ M, the fiber B x linearly to the fiber B g(x) . Then the action of G on B is also properly discontinuous and B/G is a manifold and, in fact, a vector bundle over M/G in a natural way. To obtain the connection and inner products, note that any given G-invariant structure on M or on B passes to the quotient and defines a corresponding structure on M/G or B/G, respectively. So, for instance, a G-invariant connection on B yields a connection on B/G and a G-invariant inner product on B yields an inner product on B/G. Now let us specialize to M = Q, the univeral covering space of Q, and take G to be the covering group, which consists of the deck transformations (i.e., the diffeomorphisms g : Q → Q that preserve fibers, i.e., π(g(q)) = π(q) for allq ∈ Q). It is known that the covering group G is canonically isomorphic to the fundamental group π 1 (Q, q) for any choice of q (viz., the isomorphism ι q maps [α] to the unique deck transformation g = ι q ([α]) such that g(q) =q ′ for any liftα of α to Q with starting pointq and end pointq ′ ). Furthermore, G acts properly discontinuously on Q, M/G = Q, and the projection π coincides with the natural covering map Q → Q. Take B to be the trivial Hermitian bundle B = Q × W and the action of G on B to be γ(ι −1 q (g)) : B x → B g(x) for every g ∈ G and every x ∈ Q (recall B x = W = B g(x) ). Then the inner product and connection are G-invariant, and E = B/G is the desired Hermitian bundle. Indeed, to compute h α in E for a closed curve α based at q, letα be a lift of α starting at q 0 ∈ π −1 (q) ⊂ Q and ending atq = g(q 0 ). Parallel transport of an element φ ∈ Bq 0 alongα leads to the same element of Bq = W = Bq 0 because the connection of B is trivial, and since Bq and Bq 0 are identified with E q in different ways, differing by γ([α]), the holonomy is h α = γ([α]), which completes the proof.
